The present work is concerned with the application of a turbulent two-phase §ow combustion model to a spray §ame of Liquid Oxygen (LOx) and Gaseous Hydrogen (GH 2 ). The proposed strategy relies on a joint Eulerian Lagrangian framework. The Probability Density Function (PDF) that characterizes the liquid phase is evaluated by simulating the Williams spray equation [1] thanks to the semi §uid approach introduced in [2] . The Lagrangian approach provides the classical exchange terms with the gaseous phase and, especially, several vaporization source terms. They are required to describe turbulent combustion but di©cult to evaluate from the Eulerian point of view. The turbulent combustion model retained here relies on the consideration of the mixture fraction to evaluate the local fuel-to-oxidizer ratio, and the oxygen mass fraction to follow the deviations from chemical equilibrium. The di©culty associated with the estimation of a joint scalar PDF is circumvented by invoking the sudden chemistry hypothesis [3] . In this manner, the problem reduces to the estimation of the mixture fraction PDF, but with the in §uence of the terms related to vaporization that are the source of additional §uctuations of composition. Following the early proposal of [4] , these terms are easily obtained from the Lagrangian framework adopted to describe the two-phase §ows. The resulting computational model is applied to the numerical simulation of LOx GH 2 spray §ames. The test case (Mascotte) is representative of combustion in rocket engine conditions. The results of numerical simulations display a satisfactory agreement with available experimental data.
INTRODUCTION
High-performance rocket engines, such as the main engine of the European Ariane launcher, usually rely on the separate injection of oxidizer and fuel, the §ow velocity of the two propellant streams being ¦xed to reach the targeted fuel/oxidizer ratio. The dynamics of the resulting nonpremixed jet §ame is controlled, to a large extent, by the levels of turbulence that are too important to be compatible with Direct Numerical Simulation (DNS) of the Navier Stokes equations that govern the development of the reactive §ow¦eld. Moreover, despite some recent progress towards this direction (see, for instance, [5] ), the computational costs associated with the Large Eddy Simulation (LES) of such a kind of con¦guration are very important, and Reynolds Averaged Navier Stokes (RANS) numerical simulations still remain widely used for design and optimization purposes. In fact, the two strategies are rather complimentary. Signi¦cant progress have been made in the LES direction when considering a single injector element [6] , and the approach has recently allowed getting a deeper insight into such a kind of complex turbulent reactive §ows. Nevertheless, the present analysis is performed within a RANS framework because of the complexity of rocket engine geometries, that contain several hundreds of injectors, still remains out of reach for LES calculations. In this respect, a great modeling e¨ort must be done to provide reliable models capable of describing the interaction between the turbulence and chemistry in such cryogenic high-speed §ows. First, it is well-known that the mean chemical production rate is signi¦cantly a¨ected by §uctuations of temperature and concentrations so that its closure requires particular attention. Moreover, when two-phase §ows are considered, the modeling di©culty is increased by the in §uence of the dynamics of the vaporizing spray onto the composition statistics. Experiments and theory both indicate that the presence of droplets leads to an increase in the §uctuations of temperature and composition and these §uctuations must be considered to correctly evaluate the mean chemical rate.
Despite recent developments towards the use of Eulerian descriptions for dense spray combustion (see, for instance, [7, 8] ), standard Statistical Eulerian Lagrangian (SEL) frameworks still remain the most classical way to tackle turbulent spray combustion, and such a kind of Lagrangian description is also retained for the purpose of the present study. Provided that the level of dilution is su©ciently large, the essential advantage of retaining such a Lagrangian point of view for the liquid phase is to depict most of the phenomena related to each liquid droplet (drag, vaporization, heating, etc.) by considering a single droplet in an in¦nite gas phase. Based on either of the two frameworks, a large amount of numerical studies devoted to the matter considered herein, i. e., combustion of LOx GH 2 in rocket engine conditions have been previously conducted (see among others [7, 9 12] and, ¦nally, [13] ). These studies were essentially focused on the numerical simulation of the so-called A10 Mascotte test case proposed in the framework of Rocket Combustion Modelling (RCM) International Workshops. This test case is considered as one of the most pertaining and well-documented within the community. It consists of a shear coaxial cryogenic jet §ame stabilized downstream of a single rocket injector element.
In previous works [14, 15] , a nonpremixed turbulent combustion model has been implemented in the compressible and reactive Navier Stokes solver N3SNATUR [16] . The capability of the corresponding closure of describing high-speed §ow combustion has been validated against well-documented experimental data [15] . Herein, it is described how the corresponding computational model is now used in conjunction with a two-phase §ow Lagrangian solver CEDILLE [17] in order to consider turbulent spray combustion. More precisely, one of the principal aims of the present study is to assess the ability of the ¦nal model to represent combustion under conditions relevant of those encountered in rocket engines. Although the operating pressures of liquid rocket engines are usually very elevated, the pressure in the combustion chamber prior to ignition remains rather low in the case of sea level ignition. In the present work, a modeling proposal capable of describing turbulent combustion of LOx GH 2 propellants in such conditions is presented. The choice of available reference data to validate such a modeling proposal still remains relatively scarce and the Mascotte test rig operated at ONERA is retained as an experimental test case [18] . The numerical model relies on the consideration of the Williams equation [1] to describe the spray evolution within a Lagrangian framework together with a turbulent combustion model, which is developed and implemented within an Eulerian Navier Stokes framework together with the classical set of Navier Stokes equations. This results in a rather classical SEL approach of turbulent spray combustion with classical exchange terms of mass, momentum, and energy between the liquid and gaseous phases. However, the turbulent combustion model requires the determination of the mixture fraction PDF which is presumed from its ¦rst two centered moments, i. e., the mean and variance values of the mixture fraction ¦eld. Additional unknown terms associated with the vaporization process appear in the transport equations for the corresponding quantities and their closure are also to be addressed. It is noteworthy that the in §uence of these terms on the mixture fraction variance ¦eld is often neglected which implies that the turbulent mixing processes are very e©cient with respect to those associated with the vaporization.
The present manuscript is organized as follows: ¦rst, the modeling aspects are introduced. Emphasis is placed on the description of both the two-phase §ow model and the closure retained for turbulent combustion. The 10-bar Mascotte test bench and the corresponding numerical simulation results are then presented in the third and fourth sections. Finally, some conclusions and perspectives are drawn from these results in the last section.
SPRAY COMBUSTION MODEL

Description of Turbulent Two-Phase Flows
In order to represent the LOx GH 2 mixture, either an Eulerian or a Lagrangian framework could be retained. In the Eulerian approach, each phase is modeled as a single §uid occupying the whole physical space. In such a representation, the turbulent two-phase §ows are viewed as a single mixture in which liquid and gas are considered as two species both described within an Eulerian point of view. The set of balance equations that describe the corresponding mixture can be derived by considering the so-called liquid indicator X k (x, t) also often denoted phase indicator or phase function [19] de¦ned to be 1 if x is in phase k at time t and 0 otherwise. Exchange terms are included to describe the transfer of mass, momentum, and energy between the two phases. Such Eulerian frameworks have been found very useful to describe primary atomization [8] or combustion in dense sprays (see, for instance, [7, 8] ). It must be explicitly stated that the focus of the present study will not be placed on such challenging issues associated to the description of the primary atomization itself. As a result, it is preferred to resort to a classical SEL approach. Indeed, a great deal of knowledge has been accumulated in this framework. Together with the description of the transport of the spray through convection, dispersion, etc., relevant physical models are available to describe the processes that are related to individual droplets ¡ such as drag, vaporization, heating, etc. ¡ as well as their interaction through secondary atomization or coalescence. The di¨erent closure strategies as well as their corresponding advantages and limitations have been already widely discussed in the literature. Further details can be found among others in the review papers [20 22 ].
The Lagrangian Solver CEDILLE
In the present approach, the Eulerian §uid solver undoubtedly remains the central part, integrating turbulence and turbulent combustion closures. Nevertheless, it seems worth introducing the general structure of the computational model, and the Lagrangian approach, as well as the physical models that are retained to represent the di¨erent phenomena involved in the spray evolution will be brie §y described below. For the purpose of the present study, the key outcome of the Lagrangian solver will correspond to some vaporization terms that are detailled in the forthcoming sections.
Let us introduce the joint PDF F(x, t; v, r) with x being the position, t the time, r radius, and v the velocity of the particle * . The starting point is the spray equation also often refered to as the Williams equation [1, 23] :
In the left-hand side (LHS), the di¨erent terms correspond respectively to the temporal evolution, to the convection of a particle in the physical space, to the rate of change of characteristic size r, and to the acceleration. It is worth noting that a detailed consideration of the acceleration term reveals that di¨usion-like terms will also arise in the right-hand side (RHS) of Eq. (1). Finally, the term Q(F , F) that appears in Eq. (1) is a nonlinear quadratic term that accounts for formation and destruction of particles through the nucleation, break-up, coalescence, etc. processes. This term Q(F , F ) is often omitted for diluted sprays, thus leading to:
Since the PDF under consideration includes the velocity of the particle, the second term in the LHS does not require any further consideration since it appears in one point one time closed form. The closure of the second term generally relies on the classical droplet vaporization model associated with the conduction limit, i.e., the well-known ¤d 2 -law,¥ i. e., r 2 (t) = r 2 0 (t) − K 0 t where K 0 is the positive constant. Nevertheless, it is also possible to resort to the generalized law introduced in [24] which aims at including the e¨ects associated to variable properties and transient liquid heating as well as taking into account the in §uence of both the Stefan §ow and internal recirculation. In the present work, vaporization is evaluated by using a modi¦ed ¤d 2 -law¥ that includes a correction to account for convection e¨ects, i.e., K = K 0 (1 + 0.3 √ Pr 1/3 ) where and Pr denote the Reynolds and Prandtl numbers, respectively. Finally, the droplet acceleration is represented through a classical approach that incorporates the drag e¨ects, i. e., the di¨erence between the droplet velocity and the gas velocity the droplet ¤sees.¥ In the corresponding model, it is assumed that the gas velocity §uctuations are distributed according to a Gaussian distribution. More details can be found in [25] . Before discussing the numerical resolution of Eq. (1), it is worth mentioning that the droplet temperature §uctuations are also taken into account, and the joint PDF F (x, t; v, r, T ) will be considered with T being the droplet temperature.
From a numerical point of view, it is not possible to compute the evolution of the real number of particles involved in practical situations. Furthermore, there is no real interest in such a precise behavior of each individual particle but rather in their average behavior. In this respect, the usual trick consists in considering n p numerical particles that represent a group k of physical particles with the same velocity, the same radius, and the same temperature at a given location in the physical space, and the joint PDF is ¦nally obtained as
Among the di¨erent methods available to perform the corresponding numerical integration, the SPM (Stochastic Particle Method) of [25] is widely used for spray calculations (see also [26] ). In the present study, the semi §uid proposal introduced more recently in [2] will be used. In this approach, it is considered that the velocity distribution of a class of particles at a given temperature, radius, and location is a Gaussian function. This provides a description of the turbulent two-phase §ow that requires fewer degrees of freedom than classical SPM approaches, which can be of practical interest to enhance the computational e©ciency. The evolution of each parcel is then evaluated thanks to the following set of Lagrangian equations:
where v k , β k , μ k , and R k incorporate the physical processes of convection, dispersion, drag, droplet heating, vaporization discussed above, and possibly atomization for situations where the spray cannot be considered as diluted any longer. The turbulent combustion model and the way it is coupled with the spray description with special emphasis on the in §uence of the vaporization processes will be now introduced.
Lagrangian Model of Turbulent Combustion
The present model of turbulent combustion is based on the original work of [27] (see also [28] ). It is based on the consideration of two scalar variables: one to represent the variations of composition in the unburnt mixture (this is the mixture fraction ξ de¦ned to be zero in the pure oxidizer stream and unity in the pure fuel stream) and the other to follow the deviations from chemical equilibrium; the oxygen mass fraction, denoted Y , is retained to this purpose. Scalar micromixing terms are represented with the classical IEM-LMSE model [29, 30] leading to the following Lagrangian evolution in the composition space (ξ,Y ):
where (ξ, Y ) is the mean composition, and τ denotes a characteristic mixing time scale approximated by the turbulence integral time scale in the following. The second term in the RHS of Eq. (2) represents the competition between turbulent mixing and chemical reaction.
One of the salient features of the model is that it relies on the sudden chemistry hypothesis. Indeed, within the MIL framework, it is assumed that the chemical reactions are sudden: particles need a ¦nite time to ignite during their evolution towards the mean composition (¦rst term in the RHS of Eq. (2)) but then instantaneously jump from the mixing line to the equilibrium line. In this manner, a strong but clearly-stated functional dependence is introduced between the two variables ξ and Y : the corresponding pathline Y MIL (ξ) is fully determined through the single knowledge of the mixture fraction values that correspond to the jump positions ξ J− and ξ J+ . These values are readily obtained from a direct comparison between the mixing time scale τ and tabulated chemical time scales that can incorporate the details of the chemical kinetics [15, 31] . From the delineation of the corresponding Lagrangian path Y = Y MIL (ξ) in the composition space, the estimation of the joint scalar PDF P (Y ; ξ; x, t) can be simply expressed through the knowledge of the marginal mixture fraction PDF P (ξ; x, t). This PDF shape is presumed to be a classical beta function.
Fluctuations Induced by Vaporizing Liquid Phase
In this manner, the present formalism simply relies on the knowledge of the mixture fraction mean ξ and variance ξ 2 . Nevertheless, its extension to turbulent reactive two-phase §ow situations requires additional phenomena to be considered. Indeed, if chemical reactions do not a¨ect the mixture fraction value ξ, the evaporation processes that take place in such two-phase §ows modify it, and additional evaporation source terms must be considered. For instance, the mixture fraction mean ¦eld follows the equation:
where the average evaporation source term ρω vap [s −1 ] appears with a minus sign since the liquid phase is the oxidizer for the rocket engine test cases considered below. This term exactly corresponds to the one that appears in the massconservation or continuity equation written for the gaseous phase:
Simplest models assume that the chemical species issued from the vaporized phase is instantaneously mixed with the ambient gas. However, as proposed below, it is better to take into account the concentration inhomogeneity induced by the vaporization process: the oxygen mass fraction level is higher near the LOx droplets than far away from them. As a result, the mixture can display small-scale §uctuations of equivalence ratio that will in §uence the chemical reaction rate. These additional droplet-induced §uctuations appear naturally in the balance equation for the mixture fraction variance. Indeed, with a mixture fraction de¦ned to be zero in the pure oxidizer and unity in the pure fuel, it writes:
In the previous transport equations, it is worth noting that molecular diffusion contributions are neglected with respect to their turbulent counterparts. The turbulence in the gas phase is evaluated from a classical k model that provides a closure for the turbulent transport of both mean and variance of the mixture fraction ¦eld, i. e.,
2 / with C μ = 0.09; and Sc ξ and Sc ξ 2 are the turbulent Schmidt numbers set to the usual value of 0.7 [32] . The ¦rst two terms in the RHS represent production induced by mean scalar gradients and molecular dissipation terms, respectively. The former can be expressed within the turbulent di¨usiv-ity approximation. The mean scalar dissipation rate is closed using the linear relaxation model but it must be recognized that its representation in two-phase §ows still remains an open question [33] . Finally, the last four terms in the RHS are unknown correlations associated with the additional vaporization induced §uctuations.
In the present study, the liquid phase is assumed to be a spray of droplets, and the ¦nal closure is obtained by considering the Lagrangian approach introduced in [34] : the di¨erent terms are evaluated as the sum of the contributions induced by each droplet within the volume V of interest:
where m k and ξ k S denote, respectively, the vaporized mass §ow rate for the parcel k and its composition taken at the liquid surface.
NUMERICAL SIMULATION
Experimental Test Case
The test case retained to evaluate the performances of the model proposed for LOx GH 2 nonpremixed turbulent combustion is the Mascotte facility. This experimental setup has been developed and operated over the years to facilitate the study of the fundamental processes involved in the combustion of cryogenic propellants (see [35 37 ] among others). An important survey of the prevailing elementary processes controlling cryogenic §ames can be found in [37] ; it is supported by a large amount of visualizations and quantitative measurements that have been gathered by teams of both CNRS and ONERA.
The Mascotte facility is aimed at feeding a single injector element with LOx and GH 2 propellants for the test cases considered below. The ¦rst experiments were conducted from an atmospheric pressure value up to 1 MPa with hydrogen at room temperature. A second set of experiments was performed with increased values of the hydrogen mass §ow rate but keeping a subsonic §ow at the injector exit; it was made possible thanks to a heat exchanger used to cool hydrogen down to 100 K. Finally a third set of data has been also gathered for operating pressure values up to 7 MPa, i. e., above the critical pressure of oxygen. This value can be compared with the pressure value above 10 MPa at which the Vulcain engine of the European Ariane launcher operates. It is also worth mentioning that other experiments have been conducted more recently with methane as a fuel instead of hydrogen. Here, attention is focused on the ¦rst two sets of experimental data, and the RCM-2 test case presented at the second International Workshop on Rocket Combustion Modelling (IWRCM) is considered. The test case has been designed to describe the spray di¨usion §ame obtained downstream of a single cryogenic coaxial injector under subcritical conditions. The cryogenic injector consists of a central pipe supplying liquid oxygen, and the overall oxidizer/fuel mass §ow rate ratio is 2.11. The injector ori¦ce diameter for the LOx injector is 5 mm and it is surrounded by an annular GH 2 jet with an annular channel width of 3.2 mm. Together with the OH emission ¦elds collected during the experiments, the mean and standard deviation measurements of temperature obtained with coherent anti-Stokes Raman scattering (CARS) are available at several radial and axial positions.
Computational Model
The Mascotte test combustor has a square internal section of 50 × 50 mm but, for convenience, it was assumed that the mean §ow¦eld is axisymmetric. The hydraulic radius of the chamber was conserved, and the numerical simulations were performed using a three-dimensional mesh corresponding to a 5 degree cut of the whole combustion chamber that was assumed to be cylindrical. The computational domain is depicted in Fig. 1 , it extends over 28 mm in the radial direction. It was discretized using an unstructured mesh made up of 21,200 nodes and 41,150 triangular elements. It included the detailed description of the nozzle (diameter 9 mm and convergent length 20 mm), and also featured a relatively large sponge layer downstream of the nozzle outlet. The corresponding bu¨er zone allowed imposing the ambient pressure level outside of the combustion chamber rather than the operating pressure of 1 MPa itself as it was usually done (see, for instance, [8] ). In this respect, it is noteworthy to mention that the reactive numerical simulations reported at the end of this section also allowed recovering an internal pressure level approximately equal to 1 MPa but as the result of a complex balance between the injection, vaporization, combustion, and evacuation of the resulting hot gases. Figure 1 also provides a focus on the computational mesh and geometry details in the vicinity of the injector exit. The presence of the lateral recess is expected to favor the development of a recirculation zone that will in §uence the §ame aperture angle. Despite some progress made in this direction (see, for instance, [7] or [8, 38] ), the issue associated with the development of a complete model capable of describing the two-phase §ow combustion from the initial primary atomization towards the subsequent vaporization and combustion processes still remains far from being answered. In particular, the complicated problem associated with Figure 2 Geometry of the conical core and positions of injectors as modeled in [39] the modeling of primary atomization is not addressed by the present work, and, as a result, realistic LOx droplet sizes and velocities must be prescribed at the inlet. For the present numerical simulations, the inlet conditions for droplet injection were imposed following the guidelines of the second IWRCM. They are as follows.
The LOx droplets were injected along a presumed conical core (Fig. 2) , with a Sauter mean diameter value d 32 =82 μm in agreement with the experimental data reported in [40] . This peculiar value corresponded to the one obtained after truncating at 250 μm the experimental distribution measured by Phase Doppler Particle Analyzer (PDPA) thus removing a small number of very big droplets. The same value has been retained in the previous numerical studies conducted in [9, 10] . Following the measurements performed with two-component Laser Doppler Anemometry [41] , the modulus of the initial velocities of all droplets were set to 10 m/s, and the velocity components were ¦xed following the early proposal of [39] (see also [9, 10] ).
RESULTS AND DISCUSSION
Before introducing the droplets of LOx into the computational domain, a numerical simulation of gaseous §ow has been ¦rst conducted in order to converge the velocity ¦eld solution. This preliminary step of simulation was found to favor the subsequent description of the droplet transport in the physical space, providing an increased numerical convergence and stability.
Nonreactive numerical simulations of the two-phase §ows were then performed from this solution, and it was found that the presence of the vaporizing spray of LOx droplets induced a signi¦cant deviation of the hydrogen stream with respect to the previous results obtained from the gaseous simulations (Fig. 3a) . The mean ¦elds of temperature and oxygen mass fraction resulting from the LOx droplet evaporation are reported in Figs. 3c and 3b , respectively. The oxygen mass fraction (in the gas phase) reaches its maximum value in the vicinity of the symmetry axis close to the modeled liquid core. Downstream of the central LOx injector exit, the levels of axial velocity are much lower, the injected LOx droplets evaporate, and gaseous oxygen is accumulated in this zone. The temperature values remain very low, around 100 K, and the mixture fraction variance levels increase only outside of this cold region (see Fig. 3c ).
On the contrary, the LOx droplets that reach the shear layer between LOx and GH 2 propellant streams are quickly transported far away. Keeping on evaporating, they are moved towards the combustion chamber walls in such a manner that oxygen mass fraction values are also not fully negligible in this zone. In this respect, it should be kept in mind that, because oxygen is much heavier than hydrogen, a slight variation of its local concentration induced by the vaporization process can lead to a signi¦cant increase of the corresponding mass fraction.
Finally, reactive numerical simulations of the Mascotte test case were initiated from the preliminary nonreactive step presented above. The obtained results can be ¦rst discussed in terms of both position and shape of the resulting §ame. From a qualitative point of view, the experiments conducted at ONERA have always shown that the §ame is attached close to the injector exit and surrounds the central spray of LOx droplets [42] . These two speci¦c features were clearly recovered by the present numerical simulations: the cryogenic §ame is attached just downstream of the injector lip that separates the GH 2 stream from the LOx core (Fig. 4) . The stream of gaseous hydrogen ¡ that enters the combustion Figure 5 Axial pro¦les of mean temperature at y = 10 mm (a) and y = 15 mm (b).
Comparisons with CARS measurements Figure 6 Radial pro¦les of mean temperature at x = 10 (a), 250 (b), 410 mm (c).
Comparisons with CARS measurements chamber with a velocity of 320 m/s ¡ appears to be strongly de §ected towards the walls under the conjugated in §uence of the droplet stream and the thermal expansion induced by the §ame. The §ame gives birth to a low-velocity core of cold LOx surrounded by a high-velocity stream of burned gases and unburned hydrogen. Downstream of the position x = 250 mm, all available oxygen has been burned which is consistent with the operating conditions retained for the present test case.
From a more quantitative point of view, axial pro¦les of mean temperature at y = 10 and 15 mm are compared to experimental data in Fig. 5 . The standard deviation of the results associated with the experimental measurements are also displayed in this ¦gure. In comparison with available numerical results previously obtained on the same test case, the temperature levels are in satisfactory agreement with experiments. Nevertheless, it seems that the §ame length is slightly underestimated by the present computations (Fig. 6 ). This discrepancy is considered to be more closely related to an overprediction of penetration length of the LOx droplets along the symmetry axis rather than to the closure retained to describe the turbulent §ame.
CONCLUDING REMARKS
The focus of the present study was placed on the description of combustion downstream of a Liquid Oxygen Gaseous Hydrogen coaxial cryogenic injector. A model of nonpremixed turbulent combustion was used in conjunction with a stochastic Lagrangian simulation of liquid droplets relying on classical atomization models and assuming spherical droplets to simulate spray combustion. Additional terms that take into account the unresolved in §uence of the dynamics of the vaporizing spray onto the fuel oxygen composition statistics were also considered and encouraging results were obtained for a reference test case corresponding to the combustion of liquid oxygen with gaseous hydrogen in subcritical cryogenic conditions. The forthcoming steps of the present work will be devoted to: the in §uence of the models retained to represent vaporization and atomization processes; and the quanti¦cation of the e¨ects of unresolved vaporization-induced §uctu-ations.
Finally, it is also planned to simulate the rocket engine ignition with special emphasis on the interaction of the central underexpanded torch igniter with peripheral LOx/GH 2 injectors.
